We introduce the logistic model of consumption growth, which captures a negative feedback loop preventing an unlimited growth of consumption due to finite biophysical resources of our planet. This simple dynamic model allows for derivation of the expression describing the declining long-term tail of a social discount curve. The latter plays a critical role in, e.g., climate finance with benefits on current investments deferred to centuries from now. The growth rate of consumption is irregularly evolving in time, which makes estimation of an expected termstructure of consumption growth and associated social discount rates a challenging task.
I. Introduction
How should governments discount the present costs of long-term public projects, especially those that affect future generations? The core principle of finance holds that the present cost of the future benefit is worth less the longer investor should wait to receive it. In the normative social context, governments acting on behalf of society are exponentially discounting the present value of future socioeconomic benefits, because future generations are expected to consume exponentially more. It is implicitly assumed that an unbounded linear growth of log-consumption will last indefinitely into the future. When exponential discounting is applied to cost-benefit analysis of long-term environmental projects the present value of payoffs deferred to the distant future can become negligible. The actual value critically depends on the choice of a discount rate. But what should the long-term social discount rate be and should it be constant over time? Despite obvious importance of the rigorous social discounting policy, currently there is neither a consensus about the valuation methodology nor even a clear definition of the time horizon that might be considered as the 'distant future'. This problem is especially acute in the context of the climate finance with benefits on current investments to reduce greenhouse gas emissions from human activities deferred to centuries from now [ 1 2 ].
The classic Ramsey optimization of the social welfare functional leads to a risk-free social discount rates which are proportional to rates of real (corrected for inflation) per capita consumption (RPCC) growth [ 2 3 4 ] . Following insights of Quetelet and Verhulst on population growth [ 5 ] , we can infer that in the long-run a negative feedback loop -the "Iron Law of Verhulst" -should prevent unlimited growth of consumption and reduce its rate. Thus, eventually a rate of RPCC growth should become a decreasing function of time, leading to a declining term-structure of long-term social discount rates. To quantify this basic insight, we introduce the nonlinear (logistic) model of consumption growth and derive the simple expression describing a social discount curve. The latter reduces to the renowned Ramsey formula in the special case of unbounded economy.
The growth rate of RPCC depends on several macroeconomic factors and is irregularly evolving in time which makes estimation of an expected term-structure of consumption growth and associated social discount rates a challenging task. In this paper, we demonstrate that the conventional stochastic models of a consumption growth process are not applicable for description of empirical data [ 6 ] . The underlining complex stochastic process cannot be assumed 3 to be either Gaussian, or i.i.d., or even stationary. On the other hand, observations of a consumption growth process show that the problem at hand has a small parameter -the product of an average strength of fluctuations in the growth rate and its autocorrelation time. This fact permits utilization of the powerful formalism of cumulant expansion [ 7 8 9 10 ] to derive remarkably simple, stochastic-model-independent expressions for the term-structure of expected consumption growth and associated discount rates in the economy with constrains imposed by natural boundaries of Earth. Comparison with empirical data [ 6 ] shows that the dynamic effect related to the planetary resource constrains could become a dominant mechanism responsible for a declining long-term tail of a social discount curve at the time horizon estimated here as about100 years from now (the lower boundary).
We now mention some related works. In the hypothetical limitless economy the only mechanism of a declining long-term tail of a discount curve is related to uncertainty of a social planner in future RPCC growth rates, see Refs.
[
] and references therein. This 'precautionary' effect is very general. Qualitatively, it drives a government facing uncertainty in an impact of climate changes on a future consumption growth to invest more in mitigation projects today, thereby decreasing the discount rate. Formally, it reflects the Jensen inequality, which due to convexity of the exponential discount factor with negative argument, requires riskless discount rates to be less than their historical average. Very different models accounting for stochastic behavior of the consumption growth process lead to the qualitatively same outcome: the long- In the intergenerational social context of the climate finance, a government plays the role of an agent acting on behalf of society. The latter should reduce the present level of consumption in favor of benefits deferred to a distant future. The connection between social discount rates and marginal utility emerges from quite simple and general considerations, which we expose here for the readers' convenience.
In order to evaluate the social desirability of a project at the present date 0 a government should maximize the Ramsey's wellness functional 0 ()
Here denotes the rate of preference for the present of a social decision-maker, T is the project's life span, and the expectation operator E is conditional on the information set available at t = 0.
5
Note that it is implicitly assumed here that the current generation is considering benefits obtained by the next ones as its own. In the context of long-term environmental projects one could assume = ∞, provided convergence of the integral in Eq.(2.1). Let us assume that investing of a small (relative to GDP) amount into a project at the present date guarantees some proportional net benefits (dividends) in the future, which implies change in the consumption function :
where 0 is the price of the unit of an investment, denotes a continuous stream of dividends per the same unit, and ( ) is the Dirac delta function. In other words, it is assumed here that in order to make an investment into a project, a government must cut RPCC for a short period of time and compensate the cost of this investment in the future (as illustrated by Fig. 1 ). 
Now, to perform the accurate limiting transition, let us substitute here
where ∆(•) is an arbitrary regular delta function approximation (for example, like one depicted in Fig. 1(a) ), and take first the limit with → 0, then with → 0. This way, for the initial consumption 0 , which is known with certainly, we obtain
Hence, the equilibrium condition gives This expression determines the risk-free social discount curve as follows
In the context of the climate finance, it reflects how a government values socioeconomic benefits deferred to the distant future relative to the present cost of investments related to reduction of greenhouse gas emissions from human activities.
Substitution of the commonly used in the capital investment literature "power" utility function with the constant degree of concavity, 0
into Eq.(2.7) yields, see Refs.[ . From here, if →∞ = +∞, this solution tends to = , which implies that eventually the dependency of the solution (2.11) on the initial condition will be lost and the value of RPCC will be completely determined by the parameter C. The beauty of the logistic model lies in its simplicity and the interpretability of its two parameters. In particular, when t c is much smaller than its long-term limit C, the intrinsic rate t g corresponds to the instantaneous rate of RPCC growth.
It is easy to see that if the intrinsic growth rate is assumed to be constant, 
As expected, a declining with time relative growth rate of RPCC
leads to a declining long-term tail of a social discount curve, Eq.(2.12). We would like to emphasize here that this effect is solely due to dynamic constrains imposed on the consumption growth process by environmental boundaries. Notably, Eq.(2.12) reduces to the classic Ramsey formula, Secondly, at times ≫ the probability density function of has a sharp maximum around the mean value , with the variance ( ) , where
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As a result, in the bounded economy, the expectation of the functional ( ) in Eq. Hence, the probability density function (PDF) of = +̃ is given by the inverse Fourier
For brevity we omit hereafter the explicit time argument of () g Dt. Changing here the integration variable to ̅ = √ , we obtain:
where
Taking into account the estimate (2.25), we see that, when / → ∞, the sum of higher moments in Eq.(2.32) vanishes, so that ̅ ( , ) approaches the normalized Gaussian bell. Thus, as expected in this limit, the distribution of approaches the normal distribution with the mean and variance . What is important for the following however is only the fact that, when ≫ , the PDF ( , ) of has a sharp maximum around the mean value and the variance of this variable is . Therefore, the integral
may be approximated by the first two non-zero members of the "saddle point" asymptotic expansion like this:
From here, with the same accuracy, / ≪ 1. In the economy with a constrained consumption growth, in the long-term limit the magnitude of the 'precautionary' term is exponentially decreasing with time. At an intuitive level, this can be explained by a simple argument -preventing the near-certainty of collision with an asteroid in the next million years is much less of concern of a government today than a relatively unlikely event of a crash in the next hundred years. Remarkably, due to convexity of the growing consumption at short times, the Jensen's correction term in Eq.(3.3a) is positive, leading to higher growth rates than estimates based on the historical average. On the other hand, in the long-term limit, when a consumption growth process will be inevitably slowing down, the . However, the exposition of the method and main results in this paper were contaminated with a number of errors in definitions of the key variables.
IV. Comparison with empirical data.
The benchmark model of consumption-based asset pricing and cost-benefit analysis of public projects [ 2 4 ] assumes that , the skewness = -0.38, the excess kurtosis = 1.14. Similar values were reported in Refs.
[ 32 33 ]. The estimated values of higher moments depend on the software package used for valuation and are not definitive, which is typical for fat-tailed distributions and small sample size. Nevertheless, the excess kurtosis is convincingly far from zero, pointing to a non-Gaussian character of the distribution. This conclusion is also supported by visual inspection of the empirical density distribution of depend on the size of the rolling window (up to 50 years) imply that the underlining process is non-stationary; increments of log-consumption growth are not identically distributed over time, which is also visually clear from the lower panel of Fig.2 . Thus, the second assumption of the benchmark model -the increments of log-consumption growth are identically distributed -is not supported by data. . This is not surprising for this process is not directly dependent on typical behavioral factors driving large fluctuations of stock-market returns, e.g., herding, overreaction, etc. Therefore, the condition of validity of the theoretical framework developed in Section 2, 
V. Summary and discussion.
Due to fundamental constrains imposed by finite resources of our planet, the exponential growth of RPCC is not sustainable indefinitely into the future. Therefore, in the distant future its growth rates will imminently start to decline with time. Our study has applied this basic insight to valuation of long-term social discount rates. Combining the proposed logistic model of consumption growth with the Ramsey optimal growth framework and power utility, we demonstrate that a negative feedback loop, which prevents an unlimited growth of consumption, creates a strong dynamic effect leading to declining long-term tail of social discount curve. This conclusion is very important for the climate finance with benefits on current investments deferred to centuries from now. constrains will become a dominant mechanism responsible for slowing down of a consumption growth and, hence, the declining long-term tail of a social discount curve.
Obviously, the proposed model ignores the possibility of the carrying capacity of RPCC to decrease with time due to the population growth as well as a stronger negative influence on consumption, which real world system may exhibit. Moreover, in the context of the climate finance, the carrying capacity of RPCC is itself an uncertain function of rising temperature due to greenhouse gas emissions from human activities. The model introduced in this paper disregards geographic heterogeneity of RPCC growth rates, intergenerational fear and 'impatient' factors. A negative feedback loop leading to declining growth rates of RPCC might be stronger than it is assumed by the logistic model.
On the other hand, the theoretical framework that has been developed in this paper is free from conventional assumptions of stationarity, normality, and i.i.d. fluctuations of logconsumption growth that are not supported by empirical data. It explicitly takes into account constrains imposed on the consumption growth process by planetary boundaries, which become increasingly important for valuations of social discount rates as the time horizon lengthens. It is important to emphasize here that with the relevant modification of the function ( , )
Rx  , our key results, Eqs.(2.36), are not limited by the logistic model of RPCC growth. Moreover, the formalism developed in Section 2 is not restricted by the power utility. It allows for a straightforward extension to diverse utility functions. We demonstrate that the assumed smallness of an average action of stochastic shocks to RPCC growth rates is empirically sound.
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Although, unforeseeable future economic and non-economic events, may lead to catastrophic shocks to consumption growth rates with high persistence which could invalidate the applicability of the truncated cumulant approach employed in this paper. Nonetheless, we believe that our study illuminates the crucial role that account of planetary boundaries should play in shaping a rigorous long-term social discounting policy.
Although this is not the focus of this paper, the obvious redefinition of the key parameters of the model, allows for a straightforward application of the obtained formal results to estimations of an expected long-term population growth curve in stochastic environments, which is relevant in every field of biology and demography that is concerned with nonlinear growth processes.
We are planning to explore this topic in a near future. 
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